MTH 166

Lecture-32

Surface Area and Surface Integral




Area Element and Surface Area

1. If the projection of the surface z = f (x, y)is taken on xy —plane.

Area element, dA = \/1 + £+ fy2

Surface Area, A = [[, dA = [, Jl + f.2 + f,°dxdy
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2. If the projection of the surface x = g(y, z)is taken on yz —plane.

Area element, dA = \/1 + gy% + g,°

Surface Area, A = [[, dA = [, \/1 + 9,2 + g,*dxdy

3. If the projection of the surface y = h(z, x)is taken on zx —plane.

Area element, dA = \/1 + h,* + h,*

Surface Area, A = [[, dA = [, \/1 + h,” + h,“dxdy



Important Questions from MCQ Point of View:

Problem 1. Find the surface area of x? + y? + z? = a?

Solution: Since it is sphere of radius a
So, Surface area of sphere, S = 4nr?
= S = 4m(a)? Answer.




Problem 2. Find the surface area of x> + y2 = 16,0 < z < 2

Solution: Since it is cylinder of radius 4 and height 2.
So, Surface area of cylinder, S = 2nrh
= S = 2n(4)(2) = 16w Answer.
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Problem 3. Find the surface area of z2 = x? + y%,0 < z < 4

Solution: Since it is a cone of height h = 4 and radius of topmost part r = 4.
Here slanting height, | = Vh2 + 12
=1 =,/(4)%+(4)%= 42

So, Surface area of cone, S = mrl
=S = n(4)(4\/7)

= S = 1621 Answer.




Surface Inteqgral

The expression for surface integral is: I = [, f(x,y,2)dA

Where dA is the area element and it can be determined from one of the following
ways:

If projection is taken on xy-plane (z=0 plane), then: dA = dziy
If projection is taken on yz-plane (x=0 plane), then: dA = di‘fz
dzdx

If projection is taken on zx-plane (y=0 plane), then: dA = -



Problem 4. Evaluate the surface integral [f. f(x,y,z)dA where f = 6xyz and S
IS the portion of the plane x + y + z = 1 in the first octant.

Solution: Letg=x+y+z =1
= 9x=19y=1g,=1

Now, Vg = g,i+ g,j + g,k =1 +j+k
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Let projection of Surface S be taken on xy-plane:

z=1—x—y
dxd dxd
dA — AAy — T Ay z
n.k (i+j+k) % .
5
dxd .
= dA = . y 0.8
V3 0.6 |

For limits: On xy-plane(z =0)
So,x+y+0=1=>y=(1—x)
0<y<(1-x)

On x-axis (y=0,z=0)

S0, x+0+0=1=>x=1
0<x<1




So, required surface integral is:I = [, f(x,y,2)dA

dxd
=1 = [, (6xyz) xiy
73

1 1
=6V3 [ _, fyzgcxy(l —x — y)dxdy

1 1
= 6V3 [,y [,_o (xy = x*y — xy*)dydx

On simplification, we get:
V3
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I = — Answer.
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